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Characterizations of Finitary and Cofinitary Binary Matroids 
ALAIN DUCHAMP 
This paper extends the many different characterizations of finite binary matroids to finitary and 
cofinitary matroids on infinite sets. 
In addition to the classical condition and by generalization of Lucas' results, we obtain the 
following. 
Let M(S) be a finitary or a confinitary matroid and for a fixed base B of M(S), let us denote by 
( C(x): x E S - B) the family of.fundamental circuits defined by B. 
The following statements about M(S) are equivalent: 
(I) M(S) is binary. 
(2) For every non-empty set {x1, ••• , xn} £ S - B, the symmetric difference C(x1) 6 ... 6 C(x") 
contains a circuit. 
(3) (i) M(S) has no minor isomorphic to the matroid W 3 (whirl of order 3), and (ii) for x, 
yES- B, x of. y, C(x) n C(y) of. 0 implies C(x) 6 C(y) is a circuit. 
(4) For every modular pair (C1, C2 ) of circuits, C1 - B of. C2 - B. 
I. INTRODUCTION AND DEFINITIONS 
Since the classic papers of H. Whitney [17] and W. T. Tutte [15], the structure of 
matroids over a finite set, or finite matroid, has been well known. With the help of a slightly 
modified axiom system, this concept can be generalized to infinite sets. Then, we obtain a 
structure known as 'cp-space' [13], 'finitary transitive exchange space' [4] or 'independence 
space' [9], [II]. 
We shall follow V. Klee [5] in using the name finitary matroid for such a structure. 
DEFINITION 1.1 (independent set axioms). A finitary matroid M(S) is a set S together 
with a collection I of subsets (called independent sets) such that: 
(II) 0 E!. 
(12) X E I if and only if for every finite subset Y of X, Y E I. 
(13) If X and Yare finite members of I with lXI < I Yl, there exists y E Y - X such that 
X+yE!. 
DEFINITION 1.2 (circuit axioms). A finitary matroid M(S) is a set S together with a 
collection rc of subsets (called circuits) such that: 
(Cl) 0 ¢ rc. 
(C2) For cl' c2 E rc, cl c;; c2 implies cl = c2. 
(C3) If cl' c2 are distinct members of((j then for each X E cl (\ c2' there exists c3 E ((j such 
that c3 c;; (CI u C2) - X. 
(C4) Every circuit is finite. 
DEFINITION 1.3 (closure operator axioms). A finitary matroid M(S) is a set together 
with a function F from 25 into itself satisfying: 
(Fl) X c;; F(X) for all X c;; S. 
(F2) If X c;; S, F(X) = uF(Y) for all finite subsets Y of X. 
(F3) F(F(X)) = F(X). 
(F4) For every X c;; S, x, y E S, x E F(X + y) and x ¢ F(X) implies y E F(X + x). 
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Just as for to finite matroids, Definitions 1, 2 and 3 are cryptomorphic. 
Given a finitary matroid M(S) by a closure operator F, its dual operator F* defines a dual 
structure called a conjinitary matroid and denoted by M*(S): 
for all X s; S, F*(X) = Xu {x: x ¢ F(S\(X + x))} (cf. [4]) 
As in the finite case, M**(S) = M(S). Thus the cocircuits of M(S), or circuits of M*(S), 
are the complements of the hyperplanes of M(S) and the hyperplanes of M*(S) are the 
complements of the circuits of M, or cocircuits of M*. The cocircuits of M(S) satisfy the 
axioms (Cl), (C2), (C3) but not usually (C4). 
As for finite matroids, the independent sets, bases, circuits, etc. of M*(S) are called 
coindependent sets, cobases, cocircuits, etc. of M(S). 
Let M(S) be a finitary or confinitary matroid and let F be its associated operator. For 
A s; S the restriction (contraction) ofF to A is respectively associated to a finitary or 
cofinitary matroid denoted M(A) or M(S) \(E - A) (M(S)/(E - A)): 
restriction-operator: X H F(X) n A 
(contraction-operator; X H F(X u (S\A)) n A 
for all X s; A, 
for all X s; A). 
Extending the properties of finite matroids, we have (cf. [4] and [15, Proposition 3.2]). 
LEMMA 1.4. If M(S) is a finitary or cofinitary matroid on S and X, Y, T s; S, 
X n Y = 0, then 
(1.4.1) (M(S)\X)* = M*(S)/X and (M(S)/X)* = M*(S)\X; (M(S)\X)/Y""' (M/Y)X. 
(1.4.2) For X s; S, X is a closed set (a spanning set, a base) of M(S) if and only if S - X 
is a union of circuits (an independent set, a base) of M*(S). 
(1.4.3) For A s; T and B s; S - T, the following properties are equivalent: 
(i) A is an independent set (a spanning set, a base) of M(S)/(E - T); 
(ii) for every base B of M(S)\T, A u B is an independent set (a spanning set, a base) of 
M(S); 
(iii) for some base B of M(S)\T, A u B is an independent set (a spanning set, a base) of 
M(S). 
As in the finite case, M(S) is connected if for every pair of distinct elements x and y of 
S, there is a circuit of M(S) containing x andy. Then M(S) is connected if and only if its 
dual M*(S) is connected. 
LetS be a set and G be a subgroup of the groups (3/'(S), 6 ), where 3/'(S) is the collection 
of finite subsets of Sand 6 is the symmetric difference law. G is called a group of subsets 
on S. 
The collection of minimal non-null elements of G satisfies (Cl ), (C2), (C3) (Definition 1.2) 
and so defines a finitary matroid M(S) on S. Such a finitary matroid is said to be binary 
and the elements of G are called the cycles of M(S). 
A cofinitary matroid is said to be binary if its dual, finitary matroid is binary. 
The many characterizations of finitary or co finitary binary matroids are put together by 
similarity in Sections 2 and 4. In Section 3, we extend a few results on maps of finite 
matroids obtained by D. Lucas [8]. 
Some results from the theory of finite matroids are used without proof for finitary and 
cofinitary matroids. Their proofs are similar to the finite case and may be found in Welsh's 
book [16] and J. G. Oxley [10]. 
2. BASIC EQUIVALENCES 
Let M(S) be a finitary or conjinitary matroid on S. For two distinct circuits C1, C2 of M, (CI' C2) is a modular pair of circuits if cl u c2 is a minimal member of the collection 
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{ C; u Cj: C;, Cj distinct circuits of M(S)}. A modular pair (C1, C2 ) is said to be connected 
(respectively binary) if C1 n C2 # 0 (C, n C2 = 0 or C1 6 C2 is a circuit of M(S)). 
For a base B of M(S) and x E S - B (respectively x E B), the unique circuit (cocircuit) 
contained in B + x (E - B + x) is denoted C8 (x) (CJ(x)) or if no confusion can arise 
C(x) (C*(x)). C8 (x)) is called the fundamental circuit (cocircuit) of x with respect to B. 
If (C1 , C2 ) is a modular pair of circuits, the following lemma shows that the set 
D = C, u C2 is a line (W. T. Tutte [14]). 
LEMMA 2.1. Let M(S) be a finitary or corifinitary matroid on S. Let c,' c2 be two distinct 
circuits of M(S), and let D = C, u C2 • Then the following properties are equivalent: 
(I) ( C, , C2 ) is a modular pair of circuits. 
(2) For every element x E C, - C2 , y E C2 - C1, there exists a base B of M(S) such that 
c, = C(x) and c2 = C(y). 
(3) There exists some base B and some elements x, y E S - B such that C1 = C(x) and 
C2 = C(y) 
(4) For every element a E C1 n C2 , there exists a unique circuit X of M(S) such that 
C, 6 C2 s (C, u C2 ) - a. 
(5) The collection {D - X: X is a circuit of M(S) and X c D} is a partition of D. 
The proof is easy. 
Circuits C,, C2 , C1 # C2 , and a base B satisfying (3) are called a modular pair ( C,, C2 ) 
of circuits of M(S) with respect to B. 
Consider the following property: 
P(M, B) Any modular pair of circuits of M(S) with respect to B is binary. 
We have: 
LEMMA 2.2. Let M(S) be a finitary or cofinitary matroid on Sand B be a base of M(S). 
Then P(M, B) is equivalent to P(M*, S - B). 
PROOF. First, if B is a base of M(S), S - B is a base of M* (S). By symmetry, it is 
sufficient to prove that P(M, B) implies P(M*, E - B). 
Suppose P(M, B). Let a, b be distinct elements of Band C*(a), C*(b) be respectively the 
corresponding fundamental cocircuits of M(S). 
For x, y E C*(a) n C*(b), we have a, bE C(x) n C(y) and (C(x) 6 C(y)) n 
(C*(a) u C*(b)) = {x, y}. By P(M, B), C(x) 6 C(y) is a circuit of M(S). So, for any 
cocircuit X* of M(S), such that X* c C*(a) u C*(b), x EX* implies y EX*. 
Then, by Lemma 2.1 (4) applied to M*(S), C*(a) and C*(b), the symmetric difference 
C*(a) 6 C*(b) is necessary a cocircuit of M(S). D 
THEOREM 2.3. Let M ( S) be a finitary or cofinitary matroid on S. Then the following 
statements about M(S) are equivalent: 
(I) M(S) is binary. 
(2) Any connected line contains exactly three points (circuits) (cf W. T. Tutte [25]). 
(3) Any modular pair of circuits is binary. 
(4) For every pair of distinct circuits c,' c2 and x,' x2 E c, n c2 there exists a circuit X such 
that X S (C1 u C2) - {x1 , x2 } (cf J. C. Fournier [3]). 
(5) For every pair of distinct circuits C,, C2 , the symmetric difference C1 6 C2 contains a 
circuit (cf A. Lehman [7]). 
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(6) The symmetric difference of any finite collection of circuits is the union of disjoint circuits 
(cf W. T. Tutte [15]). 
(7) For any baseBand circuit C such that IC - Bl is finite, C = !:, (Cs(x): x E C - B) (cf 
W. T. Tutte [15]). 
(8) For any circuit C and cocircuit C*, IC n C*l is even (cf A. Lehman [7]). 
(9) For any circuit C and cocircuit C*, IC n C*l i= 3 (cf P. D. Seymour [14]). 
The proof, left to the reader, is like the finite case (we check that (6) => (5) => (4) => 
(3) <=> (2), (3) => (7) => (8) => (9) => (2), (1) => (6) and (7) => (1 )). For co finitary matroids, 
the proof (I) => (6) uses the following result and its corollary. 
PROPOSITION 2.4. Let N(E) be a finitary matroid. Suppose that the cardinality of any 
circuit of N(E) is even. Then any set of pairwise disjoint cocircuits of M(S) is contained in 
some set of pairwise disjoint cocircuits whose union is E. 
PROOF. Consider the collection'§ = {f:fis a set of pairwise disjoint circuits of M*(S)}. 
'§has finite character and so, by Tukey's Lemma, every member f of'§ is a subset of some 
member a of'§, where a is maximal with respect to inclusion. Let A be the union of the 
elements of a. It is known that the circuits of the finitary matroid N(E)/ A are sets X such 
that X = C - A, where Cis a circuit of N(E) (and with C - A minimal). Then by (8) and 
since ICI is even, lXI is even too. Hence, if E - A i= 0, E - A contains some cocircuit 
C* of N(E)jA. But C* is a cocircuit of M(S) and since C* n A 0, this contradicts the 
choice of a. Thus E = A and the proposition follows. 0 
As an important special case, we obtain the following: 
COROLLARY 2.5. Let N(E) be a finitary binary matroid. Let a set A s; E such that for 
every circuit C of N(E), IC n AI is even. Then A is the union of disjoint cocircuits of N(E). 
Such a set A is called a generalized cocycle of N(E). 
Notice also that in (7) of Theorem 2.3, we can delete the condition that IC - Bl is finite. 
COROLLARY 2.6. Let M(S) be a conjinitary matroid. For a base B of M(S), we denote by 
(C(x): xES - B) the family of fundamental circuits with respect to B. Then M(S) is binary 
if and only if one of the following statements holds 
(1) For every base Band X s; (S - B), !:, (C(x): x EX) is a disjoint union of circuits of 
M(S). 
(2) For every base B and circuit C, C = !:, ( C(x): x E C - B). 
PROOF. Let M(S) be a confinitary matroid. Then the cocircuits of M(S) are finite. 
Consider a base B of M(S) and ( C(x): x E S - B), the family of fundamental circuits with 
respect to B. For yES, the set Y = {xES - B: y E C(x)} is finite because, if yES - B, 
Y = {y} and, if y E B, Y = C*(y) n (S- B). Thus, for every subset X s; S- B, 
A(X) = !:, (C(x): x EX) has a meaning. Suppose M(S) is now binary and let C be a given 
circuit of M(S). By Theorem 2.3(8) and Corollary 2.5, A(X), A(C- B) and C !:, A(C- B) 
are generalized cocycles of M*(S). Hence (I) is verified. Since C !:, A(C - B) s; B necess-
arily C !:, A(C - B) = 0 and then C = !:, (C(x): x E C - B) follows. D 
Note that for a finitary binary matroid the property (1) does not hold in general, as can 
be seen from the following example: M(S) is the finitary binary matroid defined by the 
graph in Figure I, B = 2N and X = S - B = 2N + 1. 
To test by means of Theorem 2.3(7) whether a finitary or cofinitary matroid M(S) is 
binary, we must verify some property for all bases of M(S). In fact, we need only consider 
a given base. 
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FIGURE I. 
Before showing this, we extend some results on maps of finite matroids to finitary and 
cofinitary matroids. 
3. MAPS INDUCED BY THE IDENTITY FUNCTION 
Let M(S) be a finitary matroid on S. For bases B1 and B2 of M(S), B1 - B2 and B2 - B1 
are bases of the contraction M(S)/(B1 n B2 ). Since all bases of a finitary matroid are 
equicardinal (cf. [11]), we have IB1 - B2 l = IB2 - B1 l. 
Now, set Bf = S - B1, B{ = S - B2 • Bf and B{ are bases of the dual matroid 
M*(S), and since Bt - B{ = B2 - B1, B{ - Bf = B1 - B2 we have IBt - B{ I = 
IB{ - Bt 1. Hence we give the following definition: for a finitary or cofinitary matroid 
M(S) on S, the cardinaliB1 - B2 l, written d(B 1, B 2), is called the distance between B1 and 
B2. 
Let fJ6 and f!l* be, respectively, the collection of bases of M(S) and M*(S). It is clear that 
the relation between the elements of fJ6 defined by (B1, B2 E fJ6 and d(B1, B2 ) is finite) is an 
equivalence relation on f!l. The equivalence classes under this relation are called the 
d-components off!l. By the bijection <p: fJ6 ~ f!l*, where <p(B) = S- B, it may be seen that 
M(S) and M*(S) have isomorphic d-components. 
LEMMA 3.1. Let M(S) be a finitary or conjinitary matroid on Sand let fJ6 be the collection 
of its bases. Then M(S) is uniquely determined by any one of its d-components. 
PRooF. It is sufficient to suppose that M(S) is a finitary matroid. Let t: be a 
d-component. Let us prove that d = { { y E S: D + x - y E t:}: D E t: and x E S - D} is 
the collection Cfl of circuits of M(S). 
Let DE t:, x E S - D and let C0 (x) be the fundamental circuit of x with respect to D. 
For y E C0 (x) and B = D + x - y, we have BE fJ6 and ID - Bl = 1. Hence BEt: and 
since t: £ f!l, it follows {yES: D + x - yEt:} = {yES: D + x - y E f!l} = C0 (x). 
Thus d £ Cfl. 
Conversely, let C be a circuit and x E C -D. There exists a base B such that 
C - x £ B £ D u C. Then, we have IB - D I < IC - Dl, and IC - Dl is finite. So 
BEt: and since C = C8 (x), C Ed. Hence Cfl £ d and d = Cfl. 
Now, we entend the notion of maps between finite matroids to finitary or confinitary 
matroids. 
DEFINITION 3.2. Let M(S) and N(S) be finitary or cofinitary matroids on the same set 
S. We say that the identity function on Sis a strong map (a weak map)from M(S) to N(S), 
written" M(S) ---+ N(S) (M(S) ----.. N(S)), if any circuit of M(S) is a union of circuits 
of N(S) (contains a circuit of N(S)). 
Necessarily M(S)---+ N(S) implies M(S) ----.. N(S). 
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DEFINITION 3.3. A strong map (a weak map) M(S)---+ N(S) (M(S) --+ N(S)) is 
called rank preserving, written M(S) ~ N(S) (M(S) -rp-+ N(S)), if M(S) and N(S) have 
a common base. 
As in the finite case, we have the following: 
PRoPOSITION 3.4. Let M(S), N(S) be both finitary or cofinitary matroids on S. Then the 
following properties are satisfied: 
(I) M(S)---+ N(S) if and only if N*(S)---+ M*(S); 
(2) M(S) ~ N(S) if and only if M(S) = N(S). 
PRooF. (I) By considering respectively the closure operators of M(S) and N(S), 
M(S) --+ N(S) is equivalent to the following property: any closed set of N(S) is a closed 
set of M(S), a statement which is equivalent to following one; any hyperplane of N(S) is 
an intersection of hyperplanes of M(S). Indeed, by Lemma 1.4.2, any closed set is an 
intersection of hyperplanes. 
As a hyperplane is the complement of a circuit on the dual matroid, property (1) follows. 
(2) Suppose M(S) ~ N(S) and let B be a common base of two matroids M(S) and 
N(S). Let a (a') be the d-component of M(S) (N(S)) such that BE a (BE a'). We shall show 
by induction on d(B, D) that DE a implies DE a'. 
If d(B, D) = I, there exists x E B, yES - B such that D = B - x + y. Then, for the 
fundamental circuit C8 (y) of M(S) we have x E C8 (y). Since M(S)---+ N(S), it is clear that 
C8 (y) is also the fundamental circuit of N(S) with respect to B. Hence Dis a base of N(S) 
and DE a'. --
If d(B, D) > l, consider an element x E B - D. Because the fundamental cocircuit C*(x) 
of M(S) satisfies D n C*(x) i= 0, there exists y ED - B such that B' = D - y + xis 
a base of M(S). Then d(B, B') = d(B, D) - l and, by induction, it follows that B' E a'. 
Now, B' is a common base such that B' E a and d(B', D) = 1. Thus, as in the first case, 
we have DE a' and it follows that a s; a'. 
Note that the same argument showing that DE a' implies DE a, and so a = a'. Then, by 
Lemma 3.1, M(S) = N(S). D 
REMARK. In the above argument, we used only the following weaker hypothesis: M(S) 
and N(S) have a common baseBand any circuit C of M(S) such that IC - Bl is finite is 
a union of circuits of N(S). 
Hence we have the stronger result: 
CoROLLARY 3.5. Let M(S), N(S) be both finitary or cofinitary matroids on S. Suppose 
that M(S) and n(S) have a common baseBand that any circuit C such that IC - Bl is finite 
is a union of circuits of N(S). Then M(S) = N(S). 
In general, if the matroids are not both finitary or cofinitary, this result is false, as can 
be shown by the following example. The graphs in Figure 2 define finitary binary matroids 
G and H. 
Yo 
y, Y2 Ys 
Matroid G Matroid H 
FIGURE 2. 
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Y = { Yi: i E N} is a common base of G and H*, and any circuit of G is a circuit of H*. 
Hence we have G ~ H* and yet that G and H* are distinct. 
In the finite case, D. Lucas [8] proves that the rank-preserving (weak) maps are preserved 
under duality. In generality, for finitary matroids this is not. 
PROPOSITION 3.6. Let M(S) be a finitary matroid and let N(S) be afinitary or confinitary 
matroids on the same setS. Consider a common base B of M(S) and N(S). Then the.following 
statements are equivalent: 
(I) M(S) -- N(S). 
(2) For any base B' of N(S) such that IB' - Bl is finite, B' is a base of M(S). 
(3) For any cocircuit X of M(S) such that IX n Bl is finite, X contains a cocircuit of N(S). 
PROOF. (I)=> (3) Suppose (I) and let X be a cocircuit of M(S) such that IX n Bl is 
finite. 
Suppose that X is an independent set of N* (S). Since B - X is an independent set of 
N(S), there exists a base D of N(S) such that: 
(*) B-X~D and DnX = 0 
By (I) and Definitions 3.2, every independent set of N(S) is an independent set of M(S), 
and hence Dis an independent set of M(S). Then, since B is a base of M(S), by Lemma 
1.4.3, B - Dis a base and D - B is an independent set of M(S)/(B n D). But, by(*) and 
since Band Dare bases of N(S), we have IB - Dl = ID - Bl = IBn XI. Hence, since 
IB n XI is finite, necessarily D - B is a base of M(S)/(B n D) and, by Lemma 1.4.3, D 
is a base of M(S) such that the cocircuit X of M(S) satisfies D n X = 0. This is a 
contradiction. So X is a dependent set of N*(S), i.e. X contains a cocircuit of N(S). 
(3) => (2) Suppose (3). We show by induction on d(B, D) that for every base D of N(S) 
such that IB - Dl is finite, D is a base of M(S). If d(B, D) = I then D = B - x + y for 
some x E Band some y E S - B. For the matroid N(S) (respectively M(S)), let Y (respect-
ively X) be the fundamental cocircuit of x with respect to B. We have y E Y and by (3), 
Y ~ X. Hence y EX and soD = B - x + y is a base of M(S). If d(B, D) > I, as in the 
proof of Propositions 3.4(2), we show that there exists a base B' of N(S) such that 
d(B, B') = d(B, D) - I and d(B', D) = I. By induction, B' is a base of M(S). Further-
more, for a cocircuit X of M(S), if IX n B'l is finite then IX n Bl is finite, because 
IX n Bl ~ IX n (B - B')l + IX n B'l. Therefore, as in the first case, we infer that Dis 
a base of M(S). 
(2) => (I) Suppose (2) and let C be a given circuit of M(S). If Cis an independent set of 
N(S), we have a base B' of N(S) such that C ~ B' ~ B u C. Since M(S) is a finitary 
matroid, by Definition 1.2, ICI is finite. Hence IB' - Bl = IC - Bl is finite. So, by (2), B' 
is a base of M(S) and B' contains a circuit, a contradiction. Therefore Cis a dependent set 
of N(S) and C contains a circuit of N(S). By Definition 3.2 we have M(S) ---. N(S). This 
completes the proof. D 
COROLLARY 3.7. Let M(S) be a confinitary matroid and let N(S) be a finitary or 
cofinitary matroid on the same setS such that M(S) ___ !?____. N(S). Then M*(S) ____:r__. N*(S). 
PRooF. Suppose M(S) ---. N(S). By definition 3.3, there exists a common base B; 
hence S - B is a common base of M*(S) and N*(S). Also, property (3) of the proposition 
is satisfied. Thus, since circuits of M* (S) are finite and are cocircuits of M(S), we have 
M*(S) ____:r__. N*(S). 0 
Note, for a finitary matroid M(S), that M(S) ____:r__. N(S) does not imply, in general, 
M*(S) _rr__. N*(S), as can be seen from the following example: consider the binary 
finitary matroids M(S) and N(S) on S = N defined by the graphs in Figure 3. 
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M(S) N(S) 
FIGURE 3. 
B = 2N is a common base and it is easy to check that M(S) ----+ N(S). But 
M*(S) ----+ N*(S) is false because B is a circuit of M*(S) and B is a base of N* (S). 
The following lemma is a generalization of Theorem 6.5 of D. Lucas [8]. 
LEMMA 3.8. Let M(S) and N(S) be both finitary or cofinitary matroids on S. If 
M(S) ___:P___. N(S) and M(S) is binary then N(S) is binary. 
PROOF. If S is finite, this is a result of D. Lucas; otherwise, by Corollary 3.7, it is 
sufficient to assume that M(S) is a finitary matroid and hence N(S) is a finitary matroid. Let 
B be a common base and let (C(x): xES - B) be the family of fundamental circuits of 
M(S) with respect to B. 
For afinite set A ~ S - B, consider SA = u(C(x): x E A) and the restrictions MA and 
NA of M(S) and N(S) to SA. Since M(S) is a finitary matroid, SA is finite and MA, NA are 
finite matroids. Since M(S) ----+ N(S) it is clear that MA ----+ NA and that B n SA is a 
common base of MA and NA. But M(S) is binary, and hence, by Theorem 2.3(5), MA is 
binary. So, by the finite case, NA is binary. 
Now, let ( C' (x): x E S - B) be the family of fundamental circuits of N(S) with respect 
to B. Since M(S) ----+ N(S), necessarily C'(x) ~ C(x), for every xES - B. But, for a 
circuit C of N(S), we have C ~ u(C'(x): x ~ C - B), hence C ~ u(C(x): x E C - B). 
Thus, any pair of circuits of N(S) is a pair of circuits of some NA, for a finite set 
A ~ S - B. Since NA is binary, by Theorem 2.3(5), we deduce that N(S) is binary. 
This result will be extended in Section 4 (cf. Proposition 4.3). 
4. CHARACTERIZATIONS RELATING TO A GIVEN BASE 
THEOREM 4.1. Let M(S) be a finitary or cofinitary matroid on Sand let B be a given base 
of M(S). Then with (C(x): xES - B) being the family of fundamental circuits of M(S) with 
respect to B, the following properties are equivalent: 
(I) M(S) is binary. 
(2) For all circuits C, C = 6 (C(x): x E C - B) (cf M. Las Vergnas [6]). 
(3) For all finite I ~ S - B, 6 ( C(x): x E /) is a union of circuits. 
(4) For all finite I ~ S - B, 6 (C(x): x E /)is a dependent set. 
PROOF. We show (I) <o> (2) and (1) => (3) => (4) => (1). 
(I) => (2) and (I) => (3) are consequences of Theorem 2.3 ((7) and (6)) and Corollary 2.7. 
(3) => ( 4) is trivial. 
For (2) => (I) and (4) => (1), let P(S) be the finitary matroid M(S) or M*(S) and let D 
be the corresponding base B or S - B. Consider the group G of subsets on S generated by 
the family of fundamental circuits (C(x): xES - D) of P(S) with respect to D. Denote by 
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N(S) the finitary matroid associated to G. By definition, N(S) and its dual matroid N*(S) 
are binary and it may be seen that D is a common base of P(S) and N(S); hence S - D 
is a common base of P*(S) and N*(S). 
CASE 1. Suppose P(S) = M(S). Then D = B. If (2) holds, by Theorem 2.3(6) applied 
to N(S) and Definition 3.3, we have M(S) ~ N(S). If (4) holds, by Theorem 2.3(7) 
applied to N(S), we have N(S) ___:P___. M(S). 
CASE 2. Suppose P(S) = M*(S). Then D = S - Band B is a common base of M(S) 
and N*(S). Remark that (C(x): xES - B) is the family of fundamental circuits of N*(S). 
If (2) holds, by Corollary 2.6 applied to N*(S), we have M(S) ~ N*S(S). If (4) holds, 
and by Corollary 2.6 applied to N*(S), for any cocircuit C of N(S) such that IC n (S - B) I 
is finite, C contains a cocircuit of M*(S). So, by Proposition 3.6(3) applied to N(S) 
and M*(S), we have N(S) ----+M*(S) and hence, S - B being a common base, 
N(S) ___:P___. M*(S) holds. 
In all cases, by Proposition 3.4 or by Lemma 3.8, we deduce that M(S) is binary. 
Note, by Corollary 2.6, that for a cofinitary matroid we can delete the condition of finite 
cardinality in (3) and (4), and by Corollary 3.5, (2) can be replaced by: for any circuit C such 
that IC - Bl is finite, we have C = f., (C(x): x E C - B). 
Therefore, we deduce the following 
CoROLLARY 4.2. A cofinitary matroid M(S) is binary if and only if, for a given baseBand 
any circuit C such that IC - Bl is finite, we have 
C = f., (C(x): X E C - B). 
This result enables us to extend unreservedly Lemma 2. 7. Indeed, let M(S), N(S) be 
finitary or cofinitary matroids on S and let B be a common base. Suppose that 
M(S) ----+ N(S) and that M(S) is binary. We prove that N(S) is binary. 
For that we can assume M(S) to be a finitary matroid (by Corollary 3.7). 
If N(S) is finitary, we conclude by Lemma 3.8. 
If N(S) is confinitary, for a circuit C of N(S) such that IC - Bl is finite, we show that 
C = L1 (C'(x): x E C - B), where (C'(x): xES - B) is the family of fundamental circuits 
of N(S) with respect to B. Consider also the fundamental circuits (C(x): xES - B) of 
M(S) with respect to B. Since M(S) is finitary, C(x) is finite and hence C - B being finite, 
T = u(C(x): x E C - B) is finite. By M(S) ----+N(S) we have C'(x) ~ C(x) for all 
xES - B. SoC ~ u(C'(x): x E C - B) ~ T. Let M(T) and N(T) be, respectively, the 
restriction of M(S) and N(S) to T. M(T) and N(T) are finite matroids and it is clear that 
B n Tis a common base and that M(T) ----+ N(T). Then, since M(S) is binary, it follows 
that M(T) is binary and hence, by the result of D. Lucas, N(T) is binary. Thus C = f., 
(C'(x): x E C - B) (Theorem 3.3(7)) and hence, by Corollary 4.2, N(S) is binary. D 
Hence: 
PROPOSITION 4.3. Let M(S) and N(S) be finitary or cofinitary matroids on S. Suppose 
M(S) ___:P___. N(S) and that M(S) is binary. Then N(S) is binary. 
For a finite binary matroid M(S), another well known property is the following result: 
if B is a base and C,, C2 are two circuits of M(S), then C, - B = C2 - B implies C1 = C2 • 
In fact, this property characterizes the finitary or cofinitary matroids as being binary. 
Before to prove this, we require a special case of a generalization of W. T. Tutte's result 
[14] (Proposition 4.25). 
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LEMMA 4.4. Let M(S) be a connected finitary or cofinitary matroid on Sand let C be a 
circuit of M(S). Then, for every point a E S - C, there exists a connected modular pair 
(C1, C2) of circuits of M(S) such that C + a s; C1 u C2. 
PROOF. Since M(S) is connected, we have a circuit X such that C n X # 0 and a E X. 
Necessarily, C # X and hence C - X # 0. Consider bE C - X and the restriction 
M(A) of M(S) to A, where A = C u X. 
Since A - {a, b} is a spanning set and C - b is an independent set of M(A), there exists 
a baseD of M(A) such that C - b s; D s; A - {a, b}. If C1 = C and C2 = C(a) is the 
fundamental circuit of M(A) with respect to D, (C1, C2 ) is now a connected modular pair 
of circuits of M(S) satisfying the lemma. D 
THEOREM 4.5. Let M(S) be a .finitary or cofinitary matroid on Sand let B be a given base 
of M(S). Then the following properties are equivalent: 
(1) M(S) is binary. 
(2) For any pair (C1, C2) of circuits of M(S), C1 - B = C2 - B implies C1 = C2. 
(3) For any connected modular pair (C1, C2 ) of circuits of M(S), C1 - Band C2 - Bare 
distinct sets. 
PROOF. (1) => (2) Let C1, C2 be circuits of M(S) such that C1 - B = C2 - B. Then 
C1 6 C2 s; B. Hence, if M(S) is binary and by Theorem 2.3(5), we have C1 6 C2 = 0 
and C1 = C2. 
(2) => (3) is trivial. 
(3) => (I) Suppose (3). For a circuit C of M(S) such that IC - Bl is finite, we prove by 
inductiononiC- BlthatC = 6 (C(x):xE C- B).ThenbyTheorem4.landCorollary 
4.2 we deduce that M(S) is binary. 
If IC - Bl = I the result is obvious. 
If IC - Bl ~ 2 let T = u(C(x): x E C - B) and let M(T) be the restriction of M(S) 
to T. Necessarily C s; T; hence Cis a circuit of M(T) and T- C # 0. So, by Lemma 
4.4 applied to M(T), there exists a connected modular pair of circuits ( C1, C2) of M(T) such 
that C c C1 u C2 • By Lemma 2.1 ( 4), we can suppose that C1 # C and C2 # C. C1, C2 
are circuits of M(S) and since C1 s; T, C2 s; T we have C1 - B s; C - B and 
C2 - B s; C - B. Now, if some subscript i E {I, 2} satisfies Ci - B = C - B, then the 
modular pair (Ci, C) is contrary to property (3). Thus we have IC1 - Bl < IC - Bland 
IC2 - Bl < IC - Bland by induction: 
(*) cl = 6 (C(x): X E cl - B) and c2 = 6 (C(x): X E c2 - B). 
Since (C1, C2 ) is a modular pair of circuits such that C c C1 u C2, by Lemma 2.1 (4), 
it follows C1 6 C2 s; C and hence (C1 - B) 6 (C2 - B) s; C - B. If (C1 - B) 6 
(C2 - B) c C - B, consider t E C - B and t ¢ (C1 - B) 6 (C2 - B). By induction, 
M(T)\t is binary, so because C1 and C2 are circuits of M(T)\t, C1 6 C2 contains a circuit 
C3 of M(S) such that C3 c C. This is a contradiction. Therefore (C1 - B) 6 (C2 - B) = 
C - B and since C1 - B s; C - B and C2 - B s; B, C - B is a disjoint union of 
C1 - B, C2 - B. So, by(*), we have C1 6 C2 = 6(C(x): x E C- B) s; C. 
If the modular pair (C1, C2) is not binary by Lemma 2.1(4) C1 u C2 contains a circuit 
C' of M(S) such that C' # C and C1 6 C2 c C'. Then we have C- B = (C1 - B) 6 
(C2 - B) s; C' - B s; C - B, and the connected modular pair (C, C') contradicts (3). 
So (CI' C2) is binary and hence cl 6 c2 = c and c = 6 (C(x): X E c - B). This finishes 
the proof. D 
Reconsider property (4) of Theorem 4.1. To test by means of property (4) whether 
a finitary or cofinitary matroid is binary, we must check, for a given base B, that 
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/':, (C(x) = x E I) is a dependent set of M(S), for any finite I s S - B. In some special 
cases we need only consider the sets I of cardinality 2, i.e. to check the following property: 
P(M, B) All modular pairs of circuits with respect to B are binary. 
In general, this is not sufficient as can be seen from the following example. Let W 3 be the 
finite matroid whose Euclidian representation is given by Figure 4. 
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FIGURE 4. 
Note that W 3 = (W3 )*. We have the following: 
LEMMA 4.6. The matroid W 3 is the unique non-binary matroid of rank 3 on a set of 
cardinality 6 having a base B that satisfies P(M, B). 
PRooF. W 3 is not binar5' because for circuits C1 = {3, 4, 5}, C2 = {1, 5, 6} and 
C3 = {2, 4, 6}, C1 6 C2 6 C3 = {I, 2, 3} is an independent set of W 3 (cf. Theorem 2.3(6)). 
Let M(S) be a non-binary matroid of rank 3 on S of cardinality 6. Let us set S = 
{ b1, b2 , b3 , x 1, x 2 , x3 } and let B be a base of M(S) satisfying P(M, B). For a suitable 
indexation we can suppose B = {b1, b2 , b3 }. Then, by Lemma 2.2, P(M*, S- B) holds. 
Since M(S) is not binary, by Theorem 4.1, D = C8 (x 1 ) /':, C8 (x2 ) /':, C8 (x3 ) is an indepen-
dent set such that {x1, x2 , x3 } s D. Since the rank of M(S) is 3, we have {x~> x2 , xJ} = D. 
So, for all i E {I, 2, 3}, b; is exactly a member of two C8 (x1), wherej E {I, 2, 3}. By duality, 
each C8 (x1) contains exactly two h;. Thus M does not contain a circuit of cardinality 2 and 
the only circuits of cardinality 3 are C8 (x 1 ), C8 (x2 ), C8 (x3 ). Hence M ~ W 3• D 
But the exclusion of W 3 as a minor and the property P(M, B) warrant that M is binary. 
THEOREM 4.7. Let M(S) be afinitary or cofinitary matroid on S. Then M(S) is binary if 
and only if M(S) does not contain W 3 as a minor and for a given base B, all modular pairs 
of circuits with respect to B are binary. 
PROOF. The statement being self-dual, it is sufficient to suppose that M(S) is finitary. 
(l) Necessity. If M(S) is binary we know that all minors of M(S) are binary (it is an 
easy consequence of Theorem 2.3(5)) and that for a given base B, P(M, B) is verified 
(Theorem 2.3(3)). 
(2) Sufficiency. Let B be the base satisfying P(M, B). If M(S) is not binary and since the 
circuits of M(S) are finite, by Theorem 2.3(3) and Lemma 2.I (2), there exists a base B' of 
M(S) such that the distance d(B, B') = n is finite and P(M, B') fails. Choose such a B' 
whose n is minimal. Since B' # B, we have n ~ I and there exists (cf. the proof of 
Proposition 3.4(2)) a base B1 s B u B' such that IB' - Bl = I and JB1 - Bl = n - I. 
By the choice of B', B1 satisfies P(M, B1 ). So, we can suppose that there exists a baseD of 
M(S) and some a E S - D such that P(M, D) holds and, for some b E C0 (a), the base 
D' = D - b + a does not satisfy P(M, D'). 
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Let C0 (x) 
(*) 
C(x) and C0 .(x) 
C'(b) 
C'(x) = 
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C'(x). By P(M, D) we have: 
C(a) and for x E S - (D + a), 
{
C(x) 
C(x) 6 C(a) 
if bE C(x), 
else. 
Since P(M, D') fails, we have distinct circuits C'(x), C'(y) such that C'(x) 6 C'(y) is 
independent. By(*) and P(M, D), we have C'(x) = C(x) !':, C(a) and C'(y) = C(y). So 
there exist distinct fundamental circuits C(a), C(x), C(y) with respect to D such that 
C(a) !':, C(x) !':, C( y) is independent. 
Let A = C(a) u C(x) u C(y) and consider the restriction M(A) of M(S) to A. 
D 1 = A n Dis a base of M(A); hence P(M(A), D 1) holds. Then by Lemma 2.2, we have 
P(M*(A), Dn, where D't' = {a, x, y}. But, since C(a), C(x), C(y) are circuits of M(A), 
M(A) and M*(A) are not binary, and since A is finite, M*(A) is finitary. The above 
argument now applies to M*(A) and the base D't' = {a, x, y}. Hence there exist distinct 
fundamental circuits C*(u), C*(v), C*(w) of M*(A) with respect to some base F of M*(A) 
such that C*(u) !':, C*(v) !':, C*(w) is an independent set of M*(A) and P(M*(A), F) is 
true. Set E = F u {u, v, w}. We have lEI = 6 (because IFI = 3) and the restriction N(E) 
of M*(A) toE is a non-binary minor of M(S). Since F is a base of N(E) and P(N(E), F) 
is satisfied, by Lemma 4.6 we have W 3 ~ N(E), and hence W 3 is a minor of M(S). D 
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